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Abstract 

We use matrix model technology to study the Af = 2 U(A) gauge theory with Nj 
massive hypermultiplets in the fundamental representation. We perform a completely 
perturbative calculation of the periods ai and the prepotential tF{a) up to the first 
instanton level, finding agreement with previous results in the literature. We also 
derive the Seiberg-Witten curve and differential from the large-M solution of the matrix 
model. We show that the two cases Nf < N and N < Nf < 2N can be treated 
simultaneously. 


1 Introduction 

Dijkgraaf, Vafa, and collaborators have discovered remarkable relations between perturbative 
matrix models and instanton effects in supersymmetric gauge theories Recently we 

used the new matrix model technology to study the Af = 2 U(iV) gauge theory 0 (ref. ^ 
also contains a more extensive list of references). We calculated the prepotential IF(a) and the 
periods perturbatively up to the hrst instanton level. A new ingredient in our calculation 
was a completely perturbative dehnition of the periods a* as functions of the classical moduli 
Cj. Our results combined with those of Dijkgraaf and Vafa show that, even when the matrix 
model cannot be completely solved, a perturbative diagrammatic expansion of the matrix 
model can still be used to obtain all the low-energy non-perturbative information of A/” = 2 
gauge theories order-by-order in the instanton expansion. 
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^Research supported by the DOE under grant DE-FG02-92ER40706. 
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In this paper we study the M = 2 U(iV) gauge theory with Nf hyperuiultiplets transform¬ 
ing in the fundamental representation of the gauge group using matrix model techniques. 
Several new features present themselves in this case, making the model well worth studying. 

In the hrst part of the paper, we extend the perturbative results obtained in [Q for the 
M = 2 U(A^) theory to the case with Nf fundamental matter hypermultiplets. A new feature 
of the calculation, compared to the one in P|, is the appearance of planar diagrams with 
boundaries 0. These contribute, in the diagrammatic expansion of the matrix model, to 
the free energy and superpotential. They also affect the relation between the periods Oj and 
the classical moduli e*. We compute the periods a* and prepotential JT(a) perturbatively to 
hrst order in the instanton expansion, hnding agreement with earlier results in the literature. 
This agreement is a test of our proposed relation ^ between a, and e*. 

In the case of U(A^) with fundamental matter, there is an ambiguity in the form of 
the Seiberg-Witten curve [0] for N < Nf < 2N [^-[|^], with different forms of the curve 
corresponding to different dehnitions of the classical moduli Cj. These different curves yield 
slightly different relations between Oj and e*. Our perturbative calculation, which does not 
start from a curve, yields an unambiguous relation between a, and e, and therefore implies a 
particular form the of the Seiberg-Witten curve, which we show to be — 

fp^-i{x) where /Ar_i(x) is an (A^ — l)th order polynomial specihed in eq. (|0|). 

In the second part of the paper we derive the form of the Seiberg-Witten curve and 
differential for the M = 2 U(A^) gauge theory with Nf fundamental hypermultiplets, from 
the large-M saddle-point solution to the matrix model, without any additional input. The 
result is consistent with known results []^-|^ and also agrees with the form of the curve 
implied by the perturbative calculation. Our results give further support to the idea that all 
the low-energy information about the M = 2 theory is contained in the matrix modelQ. (Very 
recently some aspects of the relation between matrix models and Seiberg-Witten theory have 
been discussed in ref. 


HO 


An important question is why the matrix model approach to supersymmetric gauge 
theories works and what the scope and limitations of the method are. Recently, these 
questions have been explored and purely held-theoretic proofs for the correctness of the 
matrix model approach have been presented for the pure Af = 1 U(V) gauge theory with 
an arbitrary polynomial superpotential []^ |^. It would be interesting to extend these 
results to cover the model studied in this paper. Also, ref. |T^ discusses some aspects of the 


3 we calculate Tij as a function of 


correspondence between matrix-model and gauge-theory quantities 
In sec. 2 we set up the perturbative calculation. In sec 
the classical moduli to hrst order in the instanton expansion. In sec. 4 we extend our proposed 
perturbative dehnition of the periods a* to the case when fundamentals are present, and use 
this result to determine the one-instanton corrections to a*. In sec. 5 we compute the one- 
instanton correction to the prepotential jF(a). When Nf > N a certain polynomial appears 
in the relation between a* and the classical moduli; the role of this polynomial is clarihed in 
sec. 6. In sec. 7 we derive the Seiberg-Witten curve from the large-M saddle point solution 
to the matrix model. In sec. 8 we derive the Seiberg-Witten differential from within the 
matrix model framework. We conclude the paper with a summary of our hndings. 


^The matrix model also knows about string theory corrections in the form of curvature couplings 
some such couplings were recently computed [O using matrix model techniques. 


2 


















2 Perturbative matrix model approach 


In this section, we describe the perturbative matrix model approach to the M = 2 U{N) 
gauge theory with matter in the fundamental representation, extending our earlier work |^. 
Previous work discussing matter in the fundamental representation (focusing mainly on 
M = 1 theories) in the matrix model context can be found in ||T^-||2CI||. 

In the presence of (massless or massive) M = 2 hypermultiplets transforming in the 
fundamental representation, the A/” = 2 U {N) gauge theory develops a superpotential 


Nr 


«, ?) = X] [qiiti q' + m,q,q' 


( 2 . 1 ) 


1=1 


written in terms of the Af = 1 fields 0 (the adjoint scalar in the M = 2 vector multiplet), 

(/ = !,.. .Nf) transforming in the fundamental representation and g/, transforming in the 
conjugate fundamental representation. We have suppressed the gauge group indices, and mj 
are the masses of the fundamentals. 

The hrst step of the matrix model program is to break M = 2 supersymmetry to A/” = 1 
by adding a tree-level superpotential ITo(0) to the gauge theory. The particular choice of 
ITo(0) relevant to us is the one that freezes the moduli to a generic point on the Coulomb 
branch of the M = 2 theory: 


N ( \ 

1=0 


N 


W^(x) = a n(^ 
2=1 


e*), 


where are the classical moduli, Sm{e) is the elementary symmetric polynomial 

Sm(c) = ( 1) ■ ■ ■ Cjm 5 So = 1 , 

2l ■^22 ‘C* ■ ■ ‘C.im 


( 2 . 2 ) 


(2.3) 


and a is a parameter that will be taken to zero at the end of the calculation, restoring A/” = 2 


sup ersymmet ry 21 


The next step is to reinterpret the superpotential iy(0, g, g) = ITo(0) + hFmat(0, O', ?) as 
the potential of a chiral matrix model which has the partition function (denoting the 

matrix model analogs of 0, g, and g with capital letters) 


Z = 


vol(G) 


d^dQ^dQ/exp 


W(<I>,Q,Q)' 


(2.4) 


where the integral is over MxM matrices $ (which can be taken to be hermitian) and M- 
diniensional vectors and Qj. In eq. (|2.4|) , G is the unbroken matrix model gauge group, 
and Qs is a parameter that later will be taken to zero as M —>■ oo. In taking the M —>■ cx) 
limit, we keep Nf hnite (as in ref. |^); our approach thus differs from the one in |]^. The 
matrix integral (|2.4|) is evaluated perturbatively about an extremal point <I> = <I>o, Qo = 0, 
Qo = 0 oi W{^,Q,Q). We write 


( 2 . 6 ) 



^ ei 1 mi 

0 

0 

\ 


/ ^11 

^12 ■ 

\ 

$ = (|)q + T = 

0 

62 11m2 

0 


+ 

^21 

4'22 

^2Af 


1 0 

0 

■ ^N^Mm 

) 


\ Tjvi 

^Af2 ■ 

■ '^NN / 
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where Y^iMi = M, and ^ij is an Mi xMj matrix. This choice breaks the U(M) symmetry 
toG = nliU{M,). 

The connected diagrams of the pertnrbative expansion of Z may be organized, using 
the standard double-line notation, in a topological expansion characterized by the Euler 


characteristic y of the surface in which the diagram is embedded [22 


Z = exp I S') I where S* = , 

VX<2 


( 2 . 6 ) 


where y = 2—2g—h with g the genus (number of handles) and h the number of holes. When 
evaluating the matrix integral in the Mj oo, gg ^ ^ limit, with Si held hxed, the leading 
contribution comes from the planar diagrams that can be drawn on the sphere (x = 2), 


Fg{e,S)^F^=2{e,S)=gl\ogZ 


sphere 


(2.7) 


As discussed in p, the presence of the Q/’s leads to the introduction of surfaces with 
boundaries in the topological expansion. The leading boundary contribution comes from 
surfaces with one boundary (disks), obtained from the sphere by cutting out one hole, and 
having y = 1, 


F^{e,S)=F^=^{e,S) = gg\ogZ 


disk 


(2.8) 


It was shown in P (generalizing the result in ^ for U(2)) that when one expands lTo(‘^*) 
to quadratic order in T, the coefficients of tr(\hjj\hjj) vanish when Hence the 

off-diagonal matrices Tjj are zero modes, and correspond to pure gauge degrees of freedom. 
As in ref. @, |^, we fix the gauge = 0 ii^i) and introduce Grassmann-odd ghost matrices 
B and C with action 


N N 

tr (H[<h, C]) = Y, - ej)tT{BjiCij) + YY1 - BjiCij^jj] 


(2.9) 


In the Tjj = 0 (iy^j) gauge Ho(<h) becomes ^ 


N 


N 


Ri 


N N 


M-„(-I>) = i: Af,H'„(e,) + a f tr(<I-?.) + a E E 

^ -■=! d =3 P 


( 2 . 10 ) 


i=l i=l 

where Ri = Gj with eij = e* — ej, and 

1 


i=l p=3 


1p,i 


(p- 1)! 


d ^ 


( 2 . 11 ) 


x=ei 


Writing = {Q{,Q 2 , ...,Q^)^, where Ql is an Mj-dimensional vector and similarly for 
Q/, and expanding lTniat(‘h, Q/) around the vacuum (|2.5|) one hnds (using the Tjj = 0 
{i^i) gauge) 

N Nf 


hE„,at(<h, Q, Q) = E E [(g + mp)QuQl + 


i=l 1=1 


( 2 . 12 ) 
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Collecting the above results, the partition function is given by the gauge-hxed integral 


Zg.L - 


exp (-- MiWoiei)] f dBij dQ, dQ"dQ 7 e"-^'^+"“ (2.13) 

\ Q m »•_1 / 


vol(G) - \ 
where the quadratic part of the action is 

/quad = -— I] ^tr(d'2j - ^ ^ + mi)QiiQl , 

9s i=i ^ i=i j^i 9s j=i 7=1 


and the interaction terms are 


N 


N Nf 


( 2 . 14 ) 


N N 

/,n. = -- E E —‘■'('PS) -EE - B,iCtj<s,j) - - E E Qu-^nQl ■ (2.15) 

9s i=i p=3 P i=i j^i 9s j=i 7=1 


The propagators for the various helds can be read off from eq. ( p.l4|) and the vertices from 
eq. (|2.15|) . Each ghost loop will acquire an additional factor of (—2) [Q. 


3 Perturbative calculation of Tij{e) 


The integral over the part of the quadratic action ( 2.14 ) involving d/a, Bij, and Cij can be 
explicitly performed [Q; including also the classical piece one hnds (up to an Cj-independent 
quadratic monomial in the Si’s) 


N N 

F,(e, ^) = - E SrWoici) + IY.S- log 




N 


2=1 


2=1 


, aRiK^ , 


*=i jV* 


+ E E SiSdog T + E i"i"’ (e, s) 


A 


n>3 


(3.1) 

As in 0, we have included in eq. (H) a contribution — log A that reflects the 

ambiguity in the cut-off of the full U(M) gauge group. (A similar contribution is included 
in (|3.4|) below.) The term S) is an nth order polynomial in Si arising from planar 

loop diagrams built from the interaction vertices 0]. The contribution to Fs{e, S) cubic in 
Si was computed in with the result: 


o,Fi^\e,S) = a + i)E|fE ' 


\k^i 


^ik 


C3 

1 ^ Y^ 

4 ^ . z^ 


2 / k^i i^i^k ^'^k^ii 


- 2 EE#Ai:A+ 2 Eee 


i k^i Ri^ik i^i ^it 


EE 


SjSk 


7 ^ li^i i k^i 


(3.2) 


ik 


Next we turn to the contribution of the fundamentals Q, Q to the matrix model free 
energy. Since these involve quark loops, they only contribute to the disk-level part of the 
free energy. The integral over the quadratic part of hhmat givesQ 


N Nj 


N Nf 


(ci mi) 


nn dQ{dQi7exp-(e* mi)QiiQl = exp -EE Mjlog 

\ 9s J \ r=i 9s 


(3.3) 


i=l1=1 


^Note that there are no Mi log Mi terms in the expansion of l/vol(G) 
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which yields (up to an ej-independent part linear in Si) the hrst term of 

F.{e, S) = -Y.T.S. log + E Ft\e, S) (3.4) 

i=l 1=1 ^ n>2 

Here F^\e, S) is an nth order polynomial in Si arising from planar disk diagrams built from 
the interaction vertices. To obtain the 0(5'^) contribution to Td(e, S), we need to evaluate 
the diagrams displayed in figure 1. 




Figure 1: Disk diagrams contributing to Ffi{e, S) at order 0{S‘^). Solid double lines refer to 
'^ii propagators, solid-plus-dashed double lines refer to ghost propagators, and single dotted lines 
correspond to the propagator for the Q’s. 


One might also consider diagrams drawn on surfaces with additional holes. One example 
is a “dumb-bell” diagram as in figure 1, but with quark propagators at both ends. Such a 
diagram corresponds to a sphere with two holes, the dotted lines encircling each of the two 
holes. However, such a surface has x = 0 and the diagram is therefore suppressed by a factor 
of Qs relative to the x = 1 disk contribution in the Qs —>■ 0, Mi —>■ oo limit. 

The above diagrams lead to: 


Nf 

aFP(e,S) = Y: 

/=! 




s^s, 


Rifii 


j^i ep 


j^i Ri^ijfil 






(3.5) 


where fu = e* 4- m/. 

To relate the matrix model and its free energy to the M = 2 U(A^) gauge theory (with Nf 
hypermultiplets in the fundamental representation of the gauge group) broken to niU(A^i), 
one introduces [|I|-[P] 


24 


hTeff(e,5) 


N 




dF,{e,S) 


dS, 


N 

Fd(e, S) + 2mToJ2Si, 

i=l 


(3.6) 


where Tq = r(Ao) is the gauge coupling of the U(iV) theory at some scale Aq. Since we are 
breaking U(A^) to U(l)^, we set A* = 1 for i = 1,..., N. It was conjectured in ref. 0 that 
the disk-level part of the free energy Fd(e, S') contributes to HAff without any derivatives 
acting on it. We will hnd further support for this claim. Next, one extremizes the effective 
superpotential with respect to Si to obtain {Si): 

dWesie, S) 

dSi 
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Finally, 


T-iiiej = 


1 d^F,{e,S) 


2Tii dSidSj 


Si = {Si) 


( 3 . 8 ) 


yields the couplings of the unbroken U(l)^ factors of the gauge theory, as a function of 
Cj. Note that although both the Seiberg-Witten formula Tij{a) = and (|3.8|) refer to 

the same quantity (the period matrix of the Seiberg-Witten curve S), they are expressed in 
terms of different parameters on the moduli space (oj vs. Ci). 

Above, we have evaluated Fs{e, S) to cubic order in Si and Fd(e, S) to quadratic order in 
Si, which will be sufficient to obtain Tij{e) to one-instanton accuracy. Inserting the results 
eq. (|3.1|) , (p.2|) , and (^(5|) in eq. (|3^) , we obtain 


Weff(e, S) = Y.Woie,)-Y.S,\og 

i i 

3S? 


S,. 



EEE 


+ 


\aRiA^. 

25'fcS'^ \ 


-2i:i:s»iogf 


i k^i 


^ik 

vT 


Nf 

+ E E log 

i 1=1 


'fu 
, A. 


1 


ARiCik^i^ ^ 

2S^Sk 


E 


+ EE 

i kj^i 

s? 


s? 


R^el 


2S,Sk 2Sf 

T^.p2 


I=l i 


Rifil Cjfc j~^i Ri^ikfil 2Rifij 


Rkefk, 

+ (27rzro + const) T.Si- 


( 3 , 9 ) 


The extrema {Si) are obtained from and can be evaluated in an expansion in A 


(^S-) = JS^N-Nt _|_ i^4^M-2Nf 

Ri Ri 


EE 

- k^i E^i,k 


3Li 


+ 


ALf 


) 


T. 

k^i 

Nf 

EE 

7=1 k^i 


2Li 

M^k 


AU 


RiRkefk 

2R 


+ 


2Lk 


,2Ri(lik^il RkRi^ik^ki J 

N. 


+ 


RiRk^ik 

2Lk 


+ 


2Lk 

Riel. 

2U 


^ Li 


Ri^'ikfil RiRk^'ikfil Rkeikfkl, 


+ (3.10) 


where Li = n^i(ei + mi), and various constants as well as tq have been absorbed into a 
redehnition of the cut-off, A = const xAe’^*'^°/^. 

Although we are primarily interested in the M = 2 limit in this paper, the Af = 1 effective 
superpotential may be easily computed by substituting eq. (p.l0|) into eq. (|3.9|) . In the case 
Nf > N one has to proceed with care, see 0,00 for further details. 

Below we will make repeated use of the identity 


E 

k^i 


^k _ ^ . Li 1 ^ . 

RkGik Ri h'i eik Ri J fii 


k^i I 

which can be derived by taking the z ^ Ci limit of both sides of 


UlUz + mi) 


L, 


= E 


Ylk=l{^ ^k) Ri{z ^i) f.^i Rk{^ ^k) 


+ f(z). 


( 3 . 11 ) 


( 3 . 12 ) 


7 





































where the polynomial T{z) = Ylk=o ^ ^ is the positive part of the Laurent expansion 


of Y^Li{z + — Ck) and is only non-zero when Nj > N. More explicitly, the 

coefficients tk are exactly as in eqs. (2.4) and (2.5) of ref. note that our e* are the same 
as their Oj. 

We can now evaluate 


Tij{e) = 


1 d‘^F,{e,S) 


2711 dSjdSn 


Si = {Si) 


cx; 


d=l 


(3.13) 


The perturbative contribution (up to an additive constant) is 


27rirf"*(e) = 5, 




Eiog(f)' + Siog 


'fu 


+ (1 ~ ^ij) 


kj^i 3 / 7=1 

Using the identity (|3.11|) one obtains the one-instanton contribution 

8Li 4Lfc \ ^ ( lOL 


log(^ 


(3.14) 


2'KiTlf{e) = 5ij 


EE 


E 


Rk^ik^kl) k^i\Ri^ik 


lOLfc 4T(ej) _ 4T(efc) \ 

Rlej,, RiCik Rkeik ) 


Nf 

E 


+ E 


2Li 


E 


SLi 


+ E' 


2Lk 


2T(eO 


f^ARtfu j^iRffuhj t^^Rfeikhi t^,RAkfki R^f^I 


+ (1 ~ ^ij) 


E 

k^i,j 

Nf 

E 


8Li 


8Li 


+ 


4L7 


lOLi lOLi 


RiCijCik Rj^ji^jk Rk^ik^jk 


R?e^- R^e^ 


AR 


+ 


4L,- 


4f(e,) 4f(e,) 


\Rhijfii Rjejifji 


Ri 


RjCji 


(3.15) 


to the gauge coupling matrix. Finally, we take the limit a —> 0 to restore M = 2 supersym¬ 
metry, but this has no effect on Tjj, which is independent of a. 


4 Perturbative determination of a* 


If we are to use the matrix model results (^.141) , ( ^.15|) to determine the M = 2 prepotential 
jF(a), we must first express in terms of the periods a,. In 0 we proposed a definition of 
Oj within the context of the perturbation expansion of the matrix model, without referring 
to the Seiberg-Witten curve or differential]^. We argued in P that a, can be determined 
perturbatively via 

dWis(e, (S),7) 


di — 


de 


(4.1) 


where IUgff(e, S', e) is the effective superpotential that one obtains by considering the matrix 
model with action IU*($, Q, Q) = IU(<h, Q, Q) + etr, 4). Here the trace is only over the ith 

®For the model studied in this paper the Seiberg-Witten curve is known i-0 and the relationship 
between Oi and is straightforwardly obtained from the H^-period integral. However, our goal in this 
section is to determine Oi using only the matrix model perturbation expansion. 













































block. For motivations for this proposal we refer the reader to |^. In the present case, it is 
sufficient to consider 


Z* = 


yo\{G) 


d$exp-IF($,Q,Q) + etrjd) 


9s 


= exp 




F:{e,S,e) + -F^{e,S,e) + ...] . 


( 4 . 2 ) 


Writing F^{e, S, e) = Fs{e, S) + e6F^ and similarly for F^{e, S, e), and observing that to hrst 
order in e 


= Z + 



e 

9s 


trj d) exp 


9s ) ’ 


(4.3) 


one hnds 6F^ = — gs{tTi $) Igp^ere; where (tr* 4)) Igp^ere obtained by calculating all connected 
one-point functions at sphere-level in the matrix model with action W{^,Q,Q). Similarly, 
6F^ = —{tii 4’)ldisk where (tr* *h)ldisk obtained by computing all connected one-point func¬ 
tions at disk-level. 

Now the effective potential for the matrix integral (|4.2|) is 


W';V(e,S,€) = -Y.Ns > -n(e,S,e)+ 2mT„ Y. Sj 


i=i 


i=i 


= Weff(e,^)-e 


N 


d 


Y.N,^5F: + 6F^ 

j=i 


(4.4) 


Extremizing kFgfj(e, S', e) with respect to S gives (Sj) = (Sj) -|- eSSi -|- 0{e^). Substituting (S) 
into eq. (E3)> one obtains 


N 


{S),£) = iy.j(e, {S))+e'£,^S, 


dW, 


eff 


i=i 


dS, 



d ■ .1 

— e 

{S) 



(S) 


+ 0(6^) (4.5) 


The second term vanishes by the dehnition of (S'). Finally, using eq. (|4.1|), one obtains 


di — 


N Q 

Y.N,j^SFl + 5Fl 

j=l 


(S> 


(4.6) 


Considering a generic point in moduli space, where U(A^) —>■ U(l)'™ (so that W = 1) and 
expanding 4) around the vacuum ( p.5|) , trj 4> = MjCi -f- tr(\['jj), we hnd 


0>i — + 


N Q 

E 7 ^ 9 s{ti -h (tr Tii) Idisk 

j=i 


(5) 


(4.7) 


where (tr Tji) is obtained by calculating, using the matrix model (p.l3|) , all connected 
planar tadpole diagrams with an external Tii leg that can be drawn on a sphere, and 
(tr^n)ldisk is obtained by computing all connected planar tadpole diagrams with an ex¬ 
ternal Tii leg at disk-level in the topological expansion. 


9 






























It should be emphasized that (^4.7|) offers a completely perturbative means of obtaining 
the relation between a* and e*, which does not require knowledge of the Seiberg-Witten curve 
or differential. 

We will now evaluate eq. o for the case of the Af = 2 U(iV) gauge theory with Nj 
fundamental hypermultiplets. The relevant tadpole diagrams contributing to first order in 
the instanton expansion are displayed in figure 2. 



Figure 2: Tadpole diagrams contributing to the one-instanton contribution to a* 


The first two diagrams contribute to (fr Tj*) These were evaluated in with the 

result 


(tr^i*)lsphere = WT E 
ags L 


q2 C C 

Oi ^ 


RiCij 


Ri Cij 


(4.8) 


The third diagram in figure 2 contributes to (tr T**) |By using the Feynman rules derived 
from the action (p.l3|) one finds 


(tr^'n)ldisk = 


S, E 1 


E 


OlRi fil 


(4.9) 


Inserting the above results into eq. (^^), evaluating the resulting expression using eq. ( p.lO|) , 
and using the identity ( p.ll|) , one finds 


= + 


1 


9 /■ . 1 

Rj ^ eij R^ fii 


2T(e, 

Ri 


+ 0{K 


4:N-2N 


). 


(4.10) 


The relation between a* and Cj that we have just derived agrees precisely, at the one- 
instanton level, with eq. (3.10) of ref. |^, provided that the polynomial T{x) in their 
expression is set equal to |T(a;). We will discuss the implications of this result in section p. 


5 Perturbative calculation of T^j(a) and E(a 

Now that we have determined the relation between and e*, we can rewrite Tjj(e) in terms 
of Oj, and from that determine the form of the prepotential R{a) to one-instanton accuracy. 
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Equation (|4.10|) implies that 

log eij = log a,, + \ Y. 


+ 


2E, 


+ 


2Lj 

m 


Nf 

E 


+ 


^1 yRhijlii R'j^jifji 


^ 2fYl + 2f (e,) 


R^Cij 


RjCji 


(5.1) 


where a^- = ai — aj, and 

log/i/ = log(ai + mi) + 


E 


2L, 


L, ^ 1 2T(ei) 

d2 X,, - + 


R'feikfii R'ffii Ju 

We can now re-express Tij ( p.l5|) in terms of Oj 

OO 

T„W = rf;'‘(a) + ^ W , 

d=l 

where the perturbative contribution is (up to additive constants) 


Rifii 


(5.2) 


(5.3) 


2'KiTfYi.ci) = 5, 




-Elog 

k^i 




Nf 


A 


) +Eiog 


and the one-instanton contribution is 


2TiiTlf (a) = d; 




4Ej ^ 


1=1 


+ 


Oj -|- mj 

A 


+ (l~^p) 


log 


Ctf Qj -i 


A 


(5.4) 


6Li , 6Lk 


E I d2 E ^ ^ 4“ d2^2 4“ d2^2 

fc^i \ 


iVj 

El-E 

7=1 


4Li 


E 


+ (1 ~ E) 


R'faikfii RifiifiJ^ 
^ f 4:Li ALj 

Nf 


(5.5) 


+ 


4Lfc \ 


6L,; 


Rf^ij^ik Rj^ji^jk Rpf^ik^jk / Ri^ 




6E 


2L,; 


+ 


2L, 


^l^i\Rieijfii ' Rjejifji 

where now Ri = ~ ^j) fu = + mi. Observe that all the T{x) terms cancel 

out in the hnal expression for Tij{a). As will be discussed in more detail in the next section, 
T{x) can be absorbed into a redefinition of the [^. Since Tij{a) is independent of Cj it 
should be insensitive to this redefinition, and therefore to the form of T{x). 

Finally, it is readily verihed that (|5.4|) , (^.5|) can be written as r^- = d‘^R{a)/daidaj with 
(up to a quadratic polynomial) 


2mR{a) = -iEE(«* -%)^iog 

i j^i 


tti — ttj 


Nf 


+ iEE(«i + "^^)^log 

i 7=1 


tti + m/\2 


A 


Nf 


^jy2N-Nf ^ n fj ^ o{A^^-‘^Y 

i j^i I=l ) 


(5.6) 
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This precisely agrees with the result obtained in eq. (4.34) of ref. p5 . 

To conclude, we have shown that a completely perturbative matrix model calculation, 
which does not use the Seiberg-Witten curve or differential, gives the correct result for the 
prepotential to first order in the instanton expansion for the U(iV) gauge theory with Nf 
fundamentals. Higher-instanton corrections to the prepotential may be obtained by higher- 
loop contributions to the matrix model free energy and tadpole diagrams. 


6 The meaning of T{x 


In ref. D’Hoker, Krichever, and Phong derived the prepotential for the M = 2 U(A^) 
theory with Nf flavors from a Seiberg-Witten curve of the form[] 


y'^ = 


N 


\{{x - d) + 


. 1=1 


Nt 


- n (^+ ^i) ■ 


( 6 . 1 ) 


7=1 


In their work the [Nj — iV)th order polynomial T{x) was left unspecihed (although two 
different candidates P, were presented) since, as shown in sec. II.c of that paper, the 
prepotential jF(a) is independent of T[x). This is because T[x) can always be absorbed into 
a redefinition of the e*, and T{a) is insensitive to a redefinition of e*. However, since T{x) is 
tied to the definition of e*, its form will affect the relation between Oj and e*. 

Our matrix model calculation of the relation between a* and e* ([4.10|) implies (via 
eq. (3.10) of ref. |^) a specific form for T(a;), namely 


T{x) = \f{x) + = \Y. , 


Nf-N 

1 

k=0 


(6.2) 


and thus corresponds to a specihc choice of the e*. (Our perturbative matrix model calcu¬ 


lation only yields a result valid to one-instanton accuracy.) The Seiberg-Witten curve (5.1) 
corresponding to eq. (|6.2|) has the form 


N 


= Y[{X- CiY - f{x) , 

i=l 


Nf 


N 


f(x) = 4A™ n(^ + ’N) - T{x) Jpx - Cj) + OiA*" . 


(6.3) 


a=i 


Z=1 


The definition of T{x), given below eq. (^.12| ), ensures that f{x) is at most an (iV —l)th order 
polynomial. Thus, the choice of e* in the matrix model is such that none of the coefficients 
of x^ or higher powers in receive corrections. (However, as we discuss below, 

the gauge-invariants {un) do receive corrections.) As we will see in the next section, this is 
exactly what the saddle-point solution of the matrix model requires. 

^Note: in ref. differs from ours by a factor of 4, except in eq. (4.34). In the e-print version 

of ref. 1^ the factor of 4 in eq. (2.6) should be omitted, and the right hand sides in eq. (2.8) should be 
multiplied by 1/4. These typos are corrected in the published version. 
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It is curious to note that the form of T{x) proposed in ref. [jT^ and on the right hand side 
of eq. (2.8) in ref. |2^ is0T(a:) = \ precisely one-half of that in eq. ( |OD . 

Why the difference? 

Consider the gauge-invariant variables (m„) = ^(tr(0"')), which classically have the values 
{un)ci = (l/n) e”- Quantum mechanically, these may be computed via ii (Un) = 

(l/27rm) Ylf=i /a- where A 5 VK is the Seiberg-Witten differential. They may also be 

computed in the matrix model |^, starting from the correlators (tr(<l>”)) (and modifying the 
expressions of ref. P to include the (tr(<I)”')) |disk contribution, as in eq. ( [4.7|) of this paper; 
see sec. 8). It is easily shown that for Nf < N (in which case T{x) vanishes) («„) = {un)ci 
for n = 1, - ■ ■, N 1^, |[. When Nf > N, however, (un) with 2N — Nf < n < N can get 
Q(^f^ 2 N-Nf) corrections. 

As stated above, choosing a particular T{x) corresponds to a particular choice of param¬ 
eters Cj used to parametrize the moduli space. It is possible to dehne the N parameters 
Cj so that the relation = (l/n) e” continues to hold quantum mechanically for 
n = 1, - ■ ■ ,N. This requirement then leads to the form of T{x) in ref. (see however 

ref. [^]). In contrast, for the choice of T{x) in eq. (E3)> {un) = (wn)ci no longer holds at the 
one-instanton level. 


7 Matrix model derivation of the Seiberg-Witten curve 

In this section, we will derive the form of the Seiberg-Witten curve for M = 2 U(iV) gauge 
theory with Nf < 2N fundamental hypermultiplets by solving the matrix model integral 
using saddle-point methods (for a review of this method, see, e.g., ref. |l27[| ). 

Our starting point is the matrix model partition function (|2.4|) 


Nf 


z = 


yo\{G) 


d<h dQ^dQi exp-lTo(*^’)- Y] \Qi4> + mjQiQ^ 

' 9s 9s L 


(7.1) 


Diagonalizing $ and integrating over Q, Q, one obtains (A* are the eigenvalues of <I>) 0,0 


„ M / 1 Nf 

Z (X / n - Y ^o(Ai) + 2 ^ log(Ai - \f) -YY 

i=l \ 9s i i^j j—i i 


(7.2) 


The saddle-point equation is obtained by varying the action with respect to Ap 


N 


-A. + m, 


E-2—= 0, 


(7.3) 


To solve ([T3|), it is standard procedure to introduce the trace of the resolvent 


2 A 1 / 1 A 1 V- 1 

^\x) = —tr ^- = WT / - 

M v<h —X/ M ^ \i— 


X 


(7.4) 


^Taking into account the correction in the previous footnote. 
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(7.5) 


which can be shown to satisfy 


u^{x) H- + 


QsM 


Nf 


-M^ (-) + 


M2 


EE 

i 1=1 


1 - hh'(A,) 

5(,M2 Y a; - Ai 

1 _ ^ 
(Ai - a;)(Ai + m/) 


Now we let (^s —^ 0, M —>• cxo, with S = QsM held hxed. We also hold Nf hxed; in this, 
onr approach differs from ref. [|T^. In this limit, the last two terms of eq. (|7.5|) vanish. 


The large-M limit expressions are conveniently written in terms of the density of eigen¬ 
values 


i 

j p(X)i\=l. 

(7.6) 

In this language the resolvent becomes 



u{x) - / dA , p(A) - 

J A — X 

—: [a;(A -|- ie) — uj{X — ie)] 

‘Ini 

(7.7) 


and eq. o can be rewritten as 


a;2(x)+ ^u;{x) + ^^J{x)-0 

(7.8) 

where 

/(.)=4stdAp(A) 

(7.9) 

is an (as yet) arbitrary {N — l)th order polynomial. Dehning 


y{x) = 2Suj{x) + Wq{x) 

(7.10) 

one may rewrite eq. (fTBI) as 


N-l 

y2 = W^(a;)2 - /(x), /(x) = ^ 6„x" . 

(7.11) 


n=0 


This equation characterizes a hyperelliptic Riemann surface. When the roots of Wq{x) are 
well-separated and /(x) is a small correction to IT’g(x), the curve has N cuts in the x plane, 
centered approximately on the roots of Wq{x). The eigenvalues of d* are clustered along 
these cuts. The function /(x) determines the distribution of the eigenvalues of <I> among the 
N cuts, and the spreading of those eigenvalues due to eigenvalue repulsion. Let M* denote 
the number of eigenvalues along the cut: 


Mi 



(7.12) 


Define S', = ggMi, which remains finite in the M, Mj —cx) limit. Then, using eqs. (|7.7|) and 
(|7.1U|), we see that eq. (|7.12|) may be rewritten 














where Ai denotes the contour surrounding the ith. cut. This is eq. (3.10) of |l| (up to a 
factor of 2; the sign depends on the direction of the contour integrals, which we take to be 
counterclockwise). Up to this point, we have just been following ref. [|I|. 

As in ref. 0. we denote by P and Q the points a; = cxo on the two sheets of the curve 
(|7.11|) . (If one needs a cutoff for an integral, one takes P and Q to be at x = Aq with Aq 
large.) To be specific, let P be on the sheet on which Wq{x) — y{x) goes to zero as x —> cx). 
Also, denote by Ci a path from Q to P that passes through the cut. The Riemann surface 
of genus A^ — 1 described by the curve (|7.11|) can be given a canonical homology basis as 
follows: Ai {i = 1,..., N — 1) and Bi = Ci — Cn {i = 1,N — 1). 

Our goal in the remainder of this section is to use matrix-model methods to determine the 
explicit form of /(x) in the spectral curve ([7.11|) . This will in turn yield the (hyperelliptic) 
Seiberg-Witten curve for the U(A^) theory with Nf fundamental hypermultiplets. The saddle- 
point evaluation of the partition function ( [7^ ) gives (here we need to keep the hrst subleading 
term since it contributes to FA 


Z = exp 


-4 /dAp(A)fUo(A) + 4 /dAdAV(A)p(AOlog(A-A') 


S 


-/ dAp(A) log(A + m7) 

9s /=!J ^ 


(7.14) 


from which we infer 


Fs = -S J dA p(A) fUo(A) + S^ JdX dA' p(A) p(A') log(A - A') (7.15) 


and 


Nf 

Fd = -S^ j dAp(A) log(A mi). 
1=1'^ 


(7.16) 


In order to compute lUefr, we need the variation of Fs under a small change in Si. From (|7.12| ) 
we see that such a variation can be implemented by letting p(A) —> p(A) -|- {5Si/S)5{\ — e*) 
where e* refers to an arbitrary, but fixed, point along the cut. Using this result in (|7.15|) 
gives0 


5Fs = 5Si 


-W( 


(e,) +25 J dA p(A) log(A - e,) 


(7.17) 


This may be rewritten as (here const refers to a constant of integration) 
OF, rP , . rP dx 


dS,, 


[ dx 1Uq(x) — 25* / dAp(A) / ---1-const 

Je, J Jsi X — A 


dx (lUo(x) -I- 2S'a;(x)) -|- const 


/ y dx + const 

Jcr 


(7.18) 


^See pj and appendix A of ref. M for related discussions. 
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which is just eq. (3.11) of |l|. Using the fact that y differs only by a sign on the two sheets, 
together with the definition = Ci — Cn, we may rewrite this as 


OF, 

dS, 


pEi pP 

^ J ydx + ^J ydx + const 
I ydx + const 

JCi 

\ j ydx + ^ y dx + const 

J Bi t/ C ]\f 


(7.19) 


For hFefr, we will also need 

F^{e,S) 


Nf 


= -si: /dAp(A) 


1=1 ■ 


' —mj 


dx 

X — X 


+ const 


N 


f 


= — (S'^ / a;(x) dx + const 

i=i -f-m/ 

i-p 

= — IX! / |/(x) dx + const 

7=1 -f-™/ 


(7.20) 


where we absorb the S'j-independent Wo{P) — Wo{—mi) terms into the integration constant. 
We now use eqs. (|7.19|) and (|7.20|) in the effective superpotential (setting W = 1) 


N 




eflf 


OF ^ 

= - X ^ + 27riro X >^7 

2=1 ^ 2=1 


N-1 


= —IX / ydx— |W /l/dx + IX/ ydx — l^oX / 2 /dx + const. (7.21) 

In the prescription relating the matrix model and the M = 2 gauge theory we are instructed 
to extremize Wes with respect to Si. Since the Sds are determined by /(x) and therefore by 
the bnS through eqs. (|7.11|) and ( [f.l3|) , we may equivalently vary (|7.21|) with respect to bn 
a. From eq. (|7.11|) , one sees that {dy/dbn)dx = —|x"'dx/ 7 /. For 0 < n < iV —2, these form 


a complete basis of holomorphic differentials on the Riemann surface |^. We may therefore 
change basis to the unique basis of holomorphic differentials (k dual to the homology basis, 
i.e., £ 4 , (k = bik- Consequently, the equations 5Wes/5bn = d ioi d < n < N — 2 may be 
rewritten 

rP ^ rP 

Ck (7.22) 

. . 1=1-'-'^1 

where §Ai Ck = d because the sum of Ai cycles is a trivial cycle. The first term just 
yields which is an element of the period lattice. Hence[^ 


iV-l p Nf 

o = -Ef 4-iv/ c» + E 

2=1 Q 1 = 1' 


N 


rQ 

Ip 

rQ 


Nf 


Cfc + X / Ck — 




rQ fP X, r~^i 

^ Ck — (N — Nf) / Cfc ~ X / Ck = d (modulo the period lattice) (7.23) 
7po Jpo Jpo 


^°This equation was obtained in ref. for the case Nf = 0 hj a. somewhat different approach. Here we 
have derived it using only matrix-model methods. 
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where po is an arbitrary (generic) point on the Riemann snrface. It now follows from Abel’s 
theorem that there exists a fnnction '0(x) on the Riemann snrface with an A^th order 
pole at Q, an {N — A^/)th order zero (or pole, if Nf > N) at P, and simple zeros at —mi for 
I = 1, Nf. As we will now show, this reqnirement snffices to fix the form of f{x), and 
therefore the Seiberg-Witten cnrve. 

For 0 < Nf < N, the fnnction ip{x) is simply (proportional to) the resolvent: 


'iPix) =y- W^{x) = ^W(,{xf - fix) - W'{x), 0<Nf<N (7.24) 

This can be seen as follows: 'ip{x) has an 77th order pole at Q, and (at least) a simple zero at 
P (becanse f{x) is a polynomial of at most (A^ — l)th order). Abel’s theorem yields A^ — 1 
conditions and therefore completely constrains the remaining zeros. Thns 'ip{x) mnst have a 
simple zero at a; = —mj, so f{x) mnst contain a factor {x + mj) for each J. For ■^(x) to have 
an [N — A^/)th order zero at P, f{x) can be of Nfth order at most. These two conditions 
reqnire f{x) oc Yhhix + mj). Naming the constant of proportionality and setting 

a = 1 in eq. (|2.2|) , we see that the spectral cnrve (|7.11|) is given by 


N 

= n(a^ 


Nf 


4A2iv-«, + 


(7.25) 


2=1 


1 = 1 


precisely the Seiberg-Witten cnrve 0-0 for Nf < N. (It shonld also be possible to deter¬ 
mine this constant of proportionality by setting 6Wef[/6bif_i = 0, and nsing the gange theory 
relation 27rir(Ao) = (2A^ — Nf) log(A/Ao) and the fact that = —Trifew-i-) 

For N < Nf < 2N, the fnnction 'ip{x) is not given by the resolvent bnt by a related 
fnnction 

7p{x) = ^A(a;)2 - g{x) - A{x), N < Nf < 2N (7.26) 


where A{x) is an A^th order polynomial and g{x) cx ni=i(2^ + ^i)- (As before, we name the 
proportionality constant Under these conditions, '^(x) vanishes at a: = —mj, for 

/ = !,... Nf, has an A^th order pole at Q, and an {Nf — 77)th order pole at P. For %Ij{x) to 
be a fnnction on the Riemann snrface ( |7.11|) , the sqnare root in 'ip{x) must be proportional 
to y{x), that is (normalizing appropriately) 

Nf 

A(a;)^ — II + ^/) = ~ /(^) (7.27) 

i=i 


where f{x) is a polynomial of order at most (A^— 1). The solution to this, to 0{Al^ is 


A{x) 

7T 

fix) 

= 4A2^- 


Nf 


yl=l 


N 


2=1 


(7.28) 


where T{x) is defined below eq. (|3.12|) , and again we have set a = 1 in eq. ( p.2|) . Thus the 
spectral curve (|7. 1 1|) and function 'ipifx) are given by 


N 


y" = I[i^-ei)^-f{x), N<Nf<2N 


i=l 


fP{x) = y-A{x), 


(7.29) 
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in agreement with the Seiberg-Witten cnrve for N < Nf < 2N i-m bnt with a particnlar 
choice of snbleading term T{x). (This form of the cnrve was already obtained ( |6.3|) in the 
previons section by comparing onr pertnrbative matrix model calcnlation with the curve in 
ref. m- The subleading term T{x) simply corresponds to a particular choice of moduli 
parameters e* picked out by the matrix model.) 

Thus, for both Nf < N and N < Nf < 2N, the spectral curve obtained from the matrix- 


model saddle-point integral agrees precisely with the known Seiberg-Witten curve (^) for 
the M = 2 U(A^) gauge theory with Nf fundamental hypermultiplets. 

Finally, from the properties of '0(a;) (|7.24|) , ( [f.26|) , we see that 


h[x)dx = 


pj 


(7.30) 


is a meromorphic differential with simple poles at P, Q, and x = —mj and residues N — Nf, 
—N, and 1 respectively. These conditions imply that the meromorphic differential given by 
Asvk = X h{x)dx has all the correct properties to be the Seiberg-Witten differential 0.0.01. 
Moreover, using the specihc forms of 'ip{x) given in eqs. (|7.25|) and (|7.29|) , we obtain exactly 
the form of the A^vv given in ref. [^. 


8 Derivation of the Seiberg-Witten differential 


In the previous section we obtained an expression ( [f.30|) related to the Seiberg-Witten dif 
ferential Asvk- Although this form can be motivated from the Calabi-Yau approach [^, 


it does not constitute a genuine matrix-model derivation of \sw- In fhis section we present 
a derivation of As^/ entirely within the framework of the matrix model. 

In the Seiberg-Witten approach, the gauge-theory expectation value of tr is calculated 
via i, I 


N 




X 


n—\ 


^sw 


( 8 . 1 ) 


The relation between the gauge theory vev and matrix model quantities is 


(tr0") = 


N 


d 


sphere + (tr<F”)disk 

7 = 1 


(5) 


( 8 . 2 ) 


which generalizes eq. (5.10) in ref. to the case when boundaries are present (see also 
[pTSd). The derivation of eq. (pT^) is similar to that of eq. ( |4.7| ) of this paper but uses the 
deformation W(<1), Q, Q) = fF(<h, Q,Q) + e (1/n) tr (<!'"'). 

The matrix-model expectation values (trd)”) in eq. (|8.2|) may be expressed in terms of 


the resolvent (|7.4|) 


uj{x) 


(tr$”) 


1 

M 

M 

2m 



x — $ 


1 

M 



x” a;(x) dx 


^x-"-^(tr<l)’") 


n=0 


(8.3) 
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which acts as a generating function for the expectation values. To proceed, we rewrite the 
last term in ([7.5|) as 


Nf 


■EE 


1 ^ 1 


Et^E 


1 ^ 1 


ErrE-E 


M2 ^ (Aj - a;)(Aj + mj) M'^ ^ Xi - x x + mj M'^ x + mj ^ Xi + mj 


1 E uj{x) — uj{—mj) 
M E X + mi 


(8.4) 


so that eq. (|7.5|) becomes 




gsM 


QsM'^ ^ x-Xi 


(8.5) 


1 ^ uj{x) — uj{—mi) 


-UJ 


M 




/=1 


X + mj 


= 0 , 


Next, we expand oj{x) as 


= E = UJ^{x) + ^^l/2{x) + O(^) . 


'M 2 ' 


( 8 . 6 ) 


Using the method developed in ref. we can solve the loop-equation (|8.5|) order-by¬ 

order in 1/M, which in principle will give us (tr<h”) to arbitrary order in the topological 
expansion. For eq. ( B.2|) , however, we will only need ujs{x) = a;o(a;) and ujd{x) = uji/ 2 {x). 
Inserting ( p. 6 |) into eq. (B]5|), and using the fact that the (1/M)a;'(x) term is C>(l/M^), 
we find 


N 


Mx) = —E 
y /El 


S ^ Us(x) - Usi-mj) 


X + mi 


(8.7) 


where y'^ = lU/(a;)^ — f{x). This result, together with (^.3|) , allows us to write the contribu¬ 
tions to (tr'F’^) at the sphere (x = 2 ) and disk (y = 1 ) levels as 

M ^ r 

(tr <F’^)sphere = “ TT" E f ’ 

ZTTt J Aj 

N 


(tr<l''^)disk = -tt^E/ x'^u}d{x)dx. 

271% 2Ai 


( 8 , 8 ) 


Inserting these expressions into eq. (|8.2|) and comparing with (|8.1|) one can read off 


— X 


■N d 

-^d(A 


d;r. 


(s> 


(8.9) 


^^See also the recent paper [ p3[ . 

i^The relation to the formulae in ref. |3|] is: = -ivk A A¥)conn. 
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This generalizes eq. (5.3) in v3 of ref. [jT^ to the case when bonndaries are present. 
Using eq. (E3). we have 


N Q 

This expression has nnit Aj-periods, 


-Su,{x)) = 


( 8 . 10 ) 


1 

2m lAi 


if ^ 

^ h 


N Q 
j=l 


— f ydx 

ATTl JAi 


N Q 
j=l 


( 8 . 11 ) 


using the dehnition of Si ( [7.131) . Moreover, by writing (6„ was defined in eq. (|7.11| ) ) 


if _if f dy 

^^dSi 2 


2=1 


*=1 n=0 dbn 


1 dy ^dhN-i , ^ 

Nx^-^ 


y 


holomorphic 


( 8 . 12 ) 


we see that this expression has simple poles at P and Q with residues ±iV, and no other 
poles. The properties (|8.11|) and (p.l2|) suffice to show that 


i^dy _ Wi;{x) 

2 Z^ 


tP'idS, 


y 


(8.13) 


as the function on the r.h.s. has the same properties. 

To simplify the remainder of the discussion, we consider Nf < N. In this case, we found 
in the previous section that f{x) oc YliLAx + mi), so = 0. The contours in eq. (|8.8|) 

are on the sheet on which y = +Wq{x) + ..., and on this sheet, eqs. ( |7.10|) and ( |7.11|) imply 
ujs{—mj) = 0 so this term drops out of eq. (ill, yielding 


a;d(x) = 


y - Wl,{x) 


Nf 

E 


2y ^ X + mi 


y - w^{x) f 
21 / / 


(8.14) 


Collecting the above results one finds 


A - ^ 
-^sw — — 


- \{wi{x) - !/)h 


(8.15) 


which is in perfect agreement with the Nf < N result in ref. 


9 Summary 

In this paper we have continued the program initiated in for analyzing M = 2 gauge 
theories within the matrix model approach [Q]-[Q; here we included matter in the funda¬ 
mental representation of U(A^). This addition exposes new features of the method, one of 
which is the appearance of disk diagrams that contribute to the free energy. Similarly, the 
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tadpole diagrams necessary for computing the periods a* also have a contribution from disk 
diagrams. We computed the relation between Oj and the classical moduli e*, as well as the 
M = 2 prepotential .F(a), finding complete agreement with known results. 

An interesting feature of our calculation is that the two cases Nf < N and N < Nf < 2N 
are on the same footing and can be treated using the same method within the matrix model 
approach. The only difference between the two cases is the appearance of the polynomial 
T{x) when Nf > N, cf. (^4.10 ). In the final expression for the prepotential, however, T{x) 
disappears. In section ^we discussed the meaning of T{x), explaining how it affects the form 
of the Seiberg-Witten curve when Nf > N. 

From the point of view of computational efficiency, the matrix model approach cannot, in 
its present form, compete with other methods for computing multi-instanton contributions 
However, it would be interesting to connect these approaches with the matrix 


model perspective to improve our understanding of multi-instanton effects. 

In sections 7 and 8 we presented derivations, entirely within the context of the matrix 
model, of the Seiberg-Witten curve and differential for the M = 2 U(iV) theory with Nf < 2N 
flavors. The contribution to the free energy from disk diagrams (|7.20|) played an important 
role in the analysis. A comparison of ( 7.24 ) and ( 7.29 ) exhibits the difference between the 
Seiberg-Witten curves for Nf < N and N < Nf < 2N. In the latter case, the matrix model 
makes a specihc choice for the modihcation of the curve. This result was also inferred in 
sec. 6 from the perturbative calculation. 
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